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1 Introduction

Since the famous discovery of Brezin, Itzykson, Parisi and Zuber [7], it has been known and
widely used, that formal matrix integrals are generating functions for the enumeration of
discrete surfaces of given topologies (the role of topology was first noticed by 't Hooft [35]).
The 1-matrix model is known to count discrete surfaces obtained by gluing polygonal
pieces side by side. It is the partition function of random discrete surfaces [7, 13], also
called random “maps”.

Other matrix models are also partition functions of random discrete surfaces, with
additional “colors” on the faces [13, 23].

In particular, the “2-matrix model” is a partition function of random discrete surfaces,
whose polygonal pieces can have two possible colors (or say, two possible spins + or -),
and surfaces are counted according to the number of edges separating polygons of different
colors, that is polygons with different spins. Thus it counts surfaces with a weight pro-
portional to the exponential of ) <ij> 0i0j (where the sum is over pairs of neighboring
pieces, and o; is the spin of the piece 7). In other words this is an Ising model on a random
discrete surface [28].

The most natural generalization is the “Chain of matrices” matrix model. It is the gen-
erating function for counting discrete surfaces, where pieces can have a color i € [1,...,n],
and where each spin configuration on the surface is weighted by ][ <i, j>(C _1)i,j where C'

is a Toeplitz matrix of the form:

9&1) —C1,2 0
e
1,2 9o 23
= (1.1)
—Cn—1n
0 —Cn—1,n gén)

The partition function for the chain of matrices is the formal small T" expansion of the

following matrix integral:

Z= [avy aag, o FE I it 12)
where V/(0) = 0 and V/"(0) = géi):
Vile) = 242 ¢ 3y Ik k (1.3)

It is a formal series in 7', such that

InZ = i (%)Hg F, (1.4)

g=0
where:

1 1)\n,; — Nedges<i,j>
Fg:;T” > AW [T+ TT (€ Yiy) ) (1.5)

SeMg(v) i,k <i,j>



where Mg (v) is the set of all connected orientable discrete surfaces of genus g with v
vertices, with n; j, polygonal pieces of size k (i.e. k—angles) of color i, and neqges<i,j> edges
separating colors i and j, and #Aut is the number of automorphisms of the surface. Notice
that for fixed g and v, My(v) is a finite set, and therefore F}, is indeed a formal series in 7T'.

One may also be interested in discrete surfaces with m marked faces, whose generating
function is given by:

1 1 X /N\Z2m

g=0

pvestices($) [, (—g,))o+() Gy, YPedses<i> (5)
#AUt(S) Hm xlik(s)—l—l H (( 2 )ZJ)

k=1*"Ek <1,7>

WO )= Y

SE€My iq,....im

(1.7)

where M ;, . ;.. is the set of all connected discrete surfaces of genus g, with n; ; k—angles

of color i, and nedges<i,j> edges separating colors i and j, and with m marked faces (and

with one marked edge on each marked face), of respective perimeters [y, ..., and colors

i1,...,0m. Again, for fixed m and g, there are finitely many such surfaces with a given

number of vertices, and the sum is a formal power series in T". Notice that if there is only
one marked face m = 1, i.e. one marked edge, we have a rooted map, and #Aut(S) = 1.

Recently, the computation of the Fy’s and W (9)’s was completed for the I-matrix model
(n =1) in [8, 16], and 2-matrix model (n = 2) [9, 18, 19], and our goal is to extend the
method of [19] to the chain of matrices of arbitrary (but finite) length n > 1.

In fact, the method of [19] allows to find the solution for a generalization of the
chain of matrices, where in addition, the last matrix is coupled to a fixed matrix M, 1,
called external field. Matrix models with external fields also have some combinatorial
interpretations, and have been studied for various applications. The most famous is the
Kontsevich integral, which is the generating function for intersection numbers [19, 24, 33].

Here, we solve this more general model.

Multimatrix model also play an important role in quantum gravity and string theory,
where they play the role of a regularized discrete space-time. The 1-matrix model, counts
discrete surfaces without color, and is a model for quantum gravity without matter, whereas
the chain of matrices counts discrete surfaces with n colors, and is interpreted as a model
of quantum gravity with some matter field [1, 10, 13, 27, 29, 30], namely a matter which
can have n possible states. More recently, matrix models have played a role in topological
string theory [12].

Outline of the article.

e In section 2 we introduce all the definitions and notations necessary for the derivation
of the loop equations. These are quite clearly inspired by the work on [15] where the
loop equations were already found in a slightly less compact way.

e In section 3 we derive the master loop equation that will allow us to solve the model.
We also consider the % expansion here and find the spectral curve for this model.



e In section 4 we overview all the important algebraic geometry tools and the algebraic

curve properties that are relevant for us.

e In section 5 we apply the same techniques of [9] to prove uniqueness of the solution
and to find the actual solution for the correlators of the first matrix M; of the chain.

e In section 6 we find the variation of the curve, and all the correlation functions, in
terms of the moduli of the chain of matrices. This leads us to an expression for the
whole topological expansion of the free energy for the chain of matrices.

e In section 7, we study some corollaries of the properties of the symplectic invariants
of [19], in particular we get the double scaling limit, and modular properties.

e In section 8, we briefly discuss the “matrix quantum mechanics”, i.e. the limit of an

infinite chain of matrices.

e Finally, section 9 is the conclusion.

2 Notations and definitions

2.1 The formal chain matrix model with external field

The formal chain matrix model with external field, is a formal matrix integral,! with n
matrices of size N with potentials V;(M;), arranged in a chain with Itzykson-Zuber like

interactions:
n

Zon = [ TLaMse F SRttt 21)
i=1
where M,,41 is a constant matrix, which we may choose diagonal M, +; = A , with s
different eigenvalues \; and multiplicities l; (3, 1; = N):

A:diag()‘b”'a)‘17"'a)‘i7"'a)‘ia"',)‘S,"'7>\5)' (22)
! l l
1 7 s

It reduces to the usual “Chain of Matrices” when A = M, 1, = 0.
The measures dM; = H;VZI dM ](;) H§V< p AR(M J(Q ) (M J(L)) are the usual Lebesgue mea-
sures for hermitian matrices. The potentials V;(z) are polynomials? of degree d; + 1,

drl )
Viz) = > T (2.3)
k=1

but the same results contained in this paper can clearly be extended to functions V; whose
derivatives V; are rational functions. In general we are interested in formal expectation

LA formal integral is defined as the exchange of the integral and the Taylor expansion of the exponential
of non-quadratic terms in the potentials, see [23].

2Notice that here, in contrast to equation (1.3), we allow for a linear term in the potential. This is
convenient but can be trivially undone by a shifts proportional to the identity.



values of functions of M; defined by

(f(My, -+, M, / HdeMl,- M) e T (O e MiMis) (9.4

ZCh

but we will also be interested in the free energy defined as the logarithm of the partition
function Zgy,.

The % expansion can be considered when we work with the formal version of this
matrix integral. What that means is that we must interpret the integrals as a formal
expansion of all the non-gaussian terms in the exponential and perform the integral as a
perturbation integral around a minimum of the action

r <Z Vi(M;) — Z Ci,iJrlMiMiJrl) : (2.5)

7
The equations that define a minimum are
VI(My) = c1oMy, V(M) = cp—1pMp—1 + Copp1Mpy1 k> 2 (2.6)

In particular we can choose a minimum such that all Mj’s are diagonal M =

diag(fx (k), . ,/15\];)), which satisfy:

V{(ﬁl(-l)) = 2#52)
() (k—1) (k+1) (2.7)
Vk(Mz‘ ) = Ck—1,kIb; + Cr k11 k=2 ,n

with ,uEnJrl) = ,ul(-nﬂ) = A;. Note that ¢, 41 can be absorbed into A, so that we will fix
it to 1. These equations have D = dyds - - - dps solutions. Choosing which minimum we
are going to perturb around, means choosing how many eigenvalues we are going to put
on each of the D different solutions. Let us call these ny,--- ,np, with the restriction
>_;ni = N. In the following we are going to refer to ¢; = T' 3t as the filling fractions.

In other words, for each choice of filling fractions ¢ = (ey,...,ep_1), we can define a
formal integral by perturbation around the corresponding minimum. Almost by definition,

there must exist anti-clockwise contours A;, i = 1,..., D, such that

T 1 g
— t de=¢ =T — 2.
2ir N [a <r<x—M1>> TTATIN (28)

2.2 Definitions of correlation functions

In order to define the good observables of our model, we first need to introduce (like in [15])

the following polynomials f; j(x1,..., )
Vi(zi) —ciitimin 0
J , )
1 —cjir1m; V. . .
fi,j(CU@', te ,:Cj) = H det Ciit1T4 z+1(xz+1) ifi <j
ki T ' —Cjj417]
0 —¢ 1751 Vi(z;)
=1lifi=j+1
=0ifi>j54+1

(2.9)



They satisfy the recursion relation

Cievifij(@is. . x5) = Vi (@) figrj(@ig1s - -, 25) — Ciim@ii fivoj(Tige, ... x5)  (2.10)

with the initial conditions fri1% = 1, and fr4yp = 0 for all [ > 1. The first polynomials
generated by this recursion relation are

V! (x;
i) =)
Ci—1,i
Vi(xio1) V(s Ci—1,
fi—l,i(xi—laxi): i 1( i ) z( z) i T 1
Ci—2i-1 Ci—14  Ci—2i—1 (2.11)
fic2,i(@i—2, i1, 24) :%L2(xi_2) Vi (@i1) Vi (1)
anm e Ci—3i—2  Ci—24i-1 Ci—1
Vio(xiz2) cio14 Ci—2/i-1 V/(x;)
— Tj1Tj — ———Ti—2Tj—1
Ci—3i—2 Ci—2,i-1 Ci—3,i—2 Ci—1,i
Define also the following functions
1 1 S(z)—S(A)
() — = 2.12
ww) = =gp Q)= ] (212)
where S(z) is the minimal polynomial of A:
S
S(z) =[]z = M) (2.13)
i=1

The loop equations in following sections will be written in terms of the following matrix

model observables or correlation functions.

Wo(m'l) = <%tr (wl(xl))>
P(w1) = Pol f11(x1)Wo(z1) = Pol Vi (1) Wo (1)

Wiz, iy ... xn,2) = Pol  fin(zi,...,zn) <%tr (wi(x1)w;(x;) - wn(xn)Q(z))> ,

Lise-sTn

fori=2,...,n—1

Wi(xy,...,xn,2) = Pol fi,(z1,...,2y) <%tr (wy(xq) - wn(xn)Q(z))>

Ty ®n

— is a polynomial in all variables

W) =  Fptr (oa()Q) )

Woa (z1;2)) = %Wwo(xl) = <tr (wq(z1)) tr (wl(mll))>c
Wia(zy, i, ..., xp, zrh) = %@DWi(:ﬂl,xi, ey T, 2) =
= <U“ (wl(ﬂcﬁ))xf?}vn fin(@i, ..o @n)tr (wi(zr)wi(@;) - - wn(xn)Q(Z))>

(2.14)



where the symbol “Pol, f(x)” represents the polynomial part on the variable x in the

2

vicinity of oo of the function “f(x)”, and the loop insertion operator simbol is defined by

9 19 k0
oVi(z) _Eagéi) N Z RN Bg,(:) (2.15)

like in [15]. At some point we will write the topological expansion® of some of these

functions, for example

00 2h
Wo(z1) = (%) W (1), (2.16)

h=0

and similarly for other functions. These are all the definitions we need for the derivation

of the loop equations

3 Master loop equation

To find the master loop equation (proceeding as in [15]) we are going to consider the

following local changes of variables

OM; =¢ Pol fi—l—l,n(xi-i-la .. ,xn)wi+1(1‘i+1) cee wn(xn)Q(z)wl (.%'1) + 0(62), 1<i1<n

M, = €Q(2)wy(z1) + O(€?)
(3.1)

with € a small parameter. Notice that §M; does not contain M; except for i = 1. We must
then consider §M; separately.
3.1 Loop equation for dM;

Consider the change of variables

§My =€ Pol fon(a,... ) ws(w2) - wn(wn)Q(2)wi (1) + O(e?) (3.2)

L2, Tn

The first order variation in e of the integral (2.1) gives the Schwinger-Dyson equation

(called loop equation in the matrix model context):

T2,...,Tn

<]7\;_22m« (w1 (1)) tr <w1(m1) Pol  fon (2, ..., n)ws(xs) - - wn(mn)Q(z)> >

= <%tr <w1(ﬂ:1) (VI (My) — c12Mp) mPlen Jon(z2, ... 2 )wa(z2) - - wn(l“n)Q(Z)>>
(3.3)

3The topological expansion of a formal integral, is not a large N expansion, it is a small T expansion,
and for each power of T, the coefficient is a polynomial in N~2. The Wo(h)(:v) is merely the formal series in
T, containing the degree h terms.



Using (2.10) we find, after some algebra, the loop equation

T2
WWQJ(M,%Q, oy Ty, 23 w1) + (c10me — V(1) + Wo (1)) Wa(z1, T2, . .. Ty, 2) =
= —W1(9017---7967“Z)+(V2,(952)—01,2951)W3(351a9537---7$n72)—02,3962W4(95179€47---,wmz)
T
- <Ntr <w1(£€1) (V3 (M3) — c12M7) $3P01$ fan(x3,. ., p)ws(xs) - - wn(l“n)Q(Z)>>
T
+ <Ntr <w1(:v1)0273M2 MPolm Jan(Ta,. .., zp)wa(zg) - wn(:nn)Q(z)> > (3.4)

3.2 Loop equation for JM;

The rest of the loop equations follow the same principle. We will compute the remaining
in one shot.

6M;=¢€ Pol  fir1n(@it1,. s n)Wit1(Tit1) - W (20)Q(2)wr (z1) + O(€?)  (3.5)

Ti41s3Tn

from which the order e variation of the partition function is

0= <%tr (w1(ﬂc1) (Vi (M;) — ¢im1,iM; 1) zljloin firtn(Tit1, o To)Wigpr (Tig) - -wn(:cn)Q(z)) >

—Ciit1Tita Wig1 (X1, g1, -+ T, 2) + Vi (@) Wina (21, Tiga, - -+, Tn, 2)

7Ci1i+11'i+1wi+3($1, xi+37 ceey Ly, Z)

—<%tr (wl(xl)Vi'(Mi) Pol fl’+27n($i+2,..-,$n)'wi+2($i+2)"'wn(‘rn)Q(Z))>

Lit2;--Tn

+ <%tr <w1($1)ci,z'+1Mi+1 Pol = fitgn(Tits, ...\ Tn)wits(Tits) - wn(xn)Q(z)>> (3.6)

Li435:-Tn

In particular, for ¢ = n due to the fact that f,42, = fri3n = 0 we have

0= (B o) (VIOM) — 100 1) @02) )

(3.7)
— Cpnt12Wha1(z1, 2) + S(2)Wo(z1)
3.3 Master loop equation
When we sum up equations (3.4) and (3.6) for i = 2,...,n we find the master loop equation

T2
—Waa(z1,22,. .., Ty, Tpg1; 1)+ (1002 — Vi (21) + Wo(21)) (Wa(z1, 22, . o o Ty Trg1) — S (Tp41)) =

N2
= —Wi(21,. .., @n, Tpt1) + (V] (21) = €1,222)S(2n+1)
+ Z(VZ/(%) — Cim1,iTi—1 — Ciit1Tit1)Wit1 (T1, Tig 1, -, Tt1) (3.8)
1=2

where we have redefined z = x,,11. Remember that Wi (z1,--- ,z,) is a polynomial in
all its variables and that W;(xy,2;, -+ ,2,) is a polynomial in all its variables except ;.

In particular, we may choose z; = Z;(x1,x2), i = 3,...,n such that
V(@) = ¢im1,iTim1 + Ciit1Tit1 Vi=2,...,n (3.9)



and in that case (3.8) reduces to

T2 . . . .
mwz;l(l“l,@;$1)+(01,2$2—Y(561))U(331,332) = — Wh(x, z2)+(V{(z1) — c1,222) S (21, 22)
=E(x1,29)
(3.10)
where we have defined
Y(z1) = V{(z1) — Wo(z1)
(xla 2) = W ($1,$2,5E3, e aj:n+1) - S(£n+1)
Wo (1, 22;21) = Wa (21, 22,23, . . ., Ent1; 1) (3.11)
Wi (21, 2) = Wi(21, 2,23, -+, Tnt1)
S(@1,2) = S(Ent1)
and #; are defined recursively from the constraints (3.9)
2,383 = c2.303(x1,m2) = Va(22) — 1071
344 = c3484(1,12) = V3 (23(21,22)) — 2,372 (3.12)

Ci1,i; = ¢im1,;&i(x1, w0) = Vi (Zic1 (21, 2)) — ¢imoi—1Zi—o(@1,22), fori>4
Note the resemblance between equations (3.9) and (2.7).

3.4 Planar limit

To leading order at large N, we drop the 72 /N? term in the loop equation (3.10) and we get:
(c1209 — Y O(21)) U O (21, 22) = BO (21, 20) (3.13)

Notice that FE© (x1,x2) is a polynomial in its 2 variables z1 and z5.
The algebraic equation

EO (z1,20) =0 (3.14)

is called the spectral curve. In some sense it is the large N limit of the loop equation when
we choose ¢ o9 = y(©) (x1).

The equation (3.10) is of the same form as the one solved in [9] for the 2-matrix model,
or the one solved in [19] for the 1-matrix model with external field. It can thus be solved
using the same methods. Note that (as we said above) we consider fixed filling fractions in
the formal model, which means that the

e f{ W (1 (p))derr () (3.15)

are fixed data of the model. As a consequence of that, all the differentials Wo(h) (z1(p))dz1(p)
with h > 1 may have poles only at the branch points «;, and all their A cycles integrals
are zero due to the fixed filling fractions condition

0= ¢, Wi 1)), (3.16)



4 Algebraic geometry of the spectral curve

The solution of the model relies on the understanding of the underlying large N spectral
curve, and its algebraic-geometry properties. Let us see first what are the main features of
EO) (1, 29) and then we will present a set of tools and concepts that we will need later.

First, £ (z1,125) = — 1(0)(x17 T, &3, ..., Tpy1)+ (V{(21) —€1,222)S(&n41) as we have
noted before, is a polynomial in all its variables. Wl(o) is a polynomial of degree d; — 1
in the variable x; and s — 1 in z while (V{(z1) — ¢1,222)S(2p+1) is clearly a polynomial of
degree d; in x1, 1 in x9 and § in 2z = x,41.

The relations (3.12) express &; (i > 3) as a polynomial of z; and z3. For example,
Z3(x1,x9) is a polynomial of degree 1 in x; and dy in x5. In general, for i > 3, ;(z1,22) a
polynomial of degree H;;é dj in 27 and H;;é d; in zs.

With this information we see that for n > 1, Wl(o) (1,x2) is a polynomial of degree
di +ds...d,s — 2 in 21 and a polynomial of degree ds---d,s — 1 in x9, while (V{(z1) —
€1,222)S(Zn41) is a polynomial of degree dy +ds...d, s in z1 and 14+dads ... d, s in z9, i.e.

deg, B =dy +d3...dys=di + Dy, deg,, B =1+dyds...dys=1+Dy (4.1)

One can check from algebraic geometry usual methods (Newton’s polytope for instance),
that an algebraic curve with those degrees, has a genus g:

g< dids ...d,s (4.2)

So far, most of the coefficients of E© are not known, because they come from
the unknown polynomial Wi. However, the number of unknown coefficients of Wy, is
dydy...d,s —1, and it matches precisely the generic genus of the spectral curve g (all the
terms of W7 lie in the interior of Newton’s polytope), and therefore the polynomial W; (and
thus £(©) is entirely determined by the filling fraction conditions (we have > e =1T):

1 A
Vi=1,...,didy...dps, € =-—¢ Y(x)de, EO(z,Y(z))=0 (4.3)
2m A

Those did> ... d, s equations determine Wl(o) and thus E©).

4.1 Analytical structure, sheets and poles

The algebraic curve EO) (21, 29) = 0 has the following structure. For each value of z; there
are Do+ 1 different values of xo, and for every value of x9 we find D +d; values of 1. This
observation is what defines, respectively, the x1 sheet structure and the xo sheet structure.
The algebraic curve E© (z1,22) = 0 can be parametrized as follows: there exists a
compact Riemann surface £ and two meromorphic functions xz; and z9 on £, such that

£EO (x1,29) =0 < 3Ipe L | 1 =z1(p) and x2 = x2(p) (4.4)

Notice that the functions z;(p) = #;(z1(p), x2(p)) are also meromorphic functions on L,
which satisfy:
Vpe L, Vi,(xi(p)) =c¢i—1iZi-1(p) + ciiv12i41(p) (4.5)

,10,



There are s + 1 different points on the curve where z; (and all the other z;(p), i < n)

becomes infinite. Around one of these points, that we will call p = oo, a good local
1

z1(p)’

the so called physical sheet. The other “infinity” points correspond to the situation where

coordinate is zoo(p) = The oo point in the curve is quite important as it marks
ZTnt1(p) = A, and will be called p = 5\, A good local coordinate around these points

is z3.(p) = #(m (a different good local coordinate could be 25 (p) = Zn4+1(p) — A; which
1 Tl 1

behaves as ~,_,\ ). Explicitly, the negative divisor of z(p) is

© Cn,n+t1 W$n(1~’7)
)] = oo — 53
where rq =1, r, =dids ... dp_q (4.6)
Spt1 =0, sp =1, sp =dp1dpy2...dy
Locally, near co we have:
Vi(zi(p)) T 9
T = — + O (x 4.7
) S, T ) (21(0)7%) (4.7)
wr(p) ~ @i(p)™
and near 5\2
1 T 1
Tn = — +0(1
(p) P—Ai Cnon+1 N anrl(p) - )\z ( )
1 T, 1
Tn = N+ — + O (2n(p)~2 4.8
+1(p) A Crnil N xn(p) ( (p) ) ( )
ri(p) ~ (Tni1(p) — X))~ (4.9)
P—A;

4.2 Branchpoints and conjugated points

From Riemann-Hurwitz, there are s 4+ 2§+ s1 points a; on £, such that 9., E©) (21, z5) = 0
and 9, EO©) (21, 29) # 0. They are called the z; branch points. They are the zeros of the
differential dz;(p).

For the moment, we assume that the branch points are simple, i.e. that at those points
dz1(p) vanishes linearly when p — «. The spectral curve is said to be regular. A spectral
curve with non simple branch-points is called singular or critical. We study critical points
below in section 7.2.

Assuming that the spectral curve is regular means that near any branch-point «,
Y = ci2x2 behaves locally like a square root Y (z1) ~ Y (z1()) + C /21 — z1(«v), and
therefore, for any p in the vicinity of «, there exists a unique point p # p in the same
vicinity of «, such that

z1(p) = z1(p). (4.10)

We say that p is the conjugate point of p. The conjugate point, is defined locally near
every branch-point, and in general it is not defined globally (see [19]).
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4.3 Non-trivial cycles

If £ is of genus g, there exists a symplectic basis of non-trivial cycles A;,Bj, 1,7 =1,...,7,
such that:

AiﬂBj:5¢7j, .AiﬂAj:O, BiﬂBJZO (4.11)

Such a basis is not unique, and we have to choose one of them. Different choices give
different solutions of the loop equations. The choice is related to the choice of filling
fractions.

Changes of symplectic basis are called modular transformations, and, following [19, 22]
we study modular transformations of the F;’s and Wéh)’s in section 7.3.

Once we have chosen a basis of non-trivial cycles, the domain £\ (U;.A; U; BB;) is simply
connected and is called the fundamental domain.

4.4 Bergman kernel

We use the notations of [19], and we refer the reader to [19] for a more detailed description.

On every compact Riemann surface £, with a given symplectic basis of non trivial
cycles , is defined uniquely a 2nd kind differential called the Bergman kernel [2] B(p1,p2)
(which we regard as a 2nd kind differential in the variable p; € £), that satisfies

i) B(p1,p2) has a double pole, with no residue, when p; — po, and normalized such
that
N dx(p1)dz(p2)
pi—p2 (z(p1) — x(p2))

B(p1,p2) 5 + finite (4.12)

where x(p) can be any local parameter in the vicinity of po.
ii)
7{ B(p1,p2) = 0.
A

It is easy to see that the Bergman kernel is unique, because the difference of 2 Bergman
kernels would have no pole and vanishing A—cycle integrals, i.e. it would vanish.

More explicitly we have:

B(p1,p2) = dp, dp, log (6(u(p1) — u(p2) — £)) (4.13)

where 6 is the theta-function, u(p) is the Abel map, and & is some odd characteristics.
For example, in the case the spectral curve has genus zero (the so-called 1-cut case),

L is the Riemann sphere, i.e. the complex plane with a point at co, and B(p1,p2) is the

meromorphic bilinear form B(pi,p2) = %. Another example is the case where L is

a torus of modulus 7: £ = C/(Z + 7Z), for which the Bergman kernel is the Weierstrass
function: B(pi,p2) = (p(p1 — p2;7) + C)dp1dps.
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4.5 Third kind differential

For any p € £ and two points ¢ and o in the fundamental domain, we define:

dSq,0(p) = / "B (p.q) (4.14)

where the integration contour lies in the fundamental domain (i.e. it does not intersect any
A or B cycles). dS,(p) is a meromorphic differential form in the variable p, whereas it is
a scalar function of ¢ and o. It has a simple pole at p = ¢ with residue +1 and a simple
pole at p = o with residue —1:
Res dS;0(p) = +1, Res dSq0(p) = —1 (4.15)
p—q p—o

i.e. it behaves locally like #@(q) when p — ¢, in any local parameter x(p). Moreover it

has vanishing A cycle integrals:
y{ dSq0 =0 (4.16)
A;

Since it has only one simple pole in the variable ¢, this 3rd kind differential is very useful

for writing Cauchy residue formula. For any meromorphic differential form w(p) we have:
w(p) = —Res dSq,(p) w(q) (4.17)

and, using Riemann bilinear identity [25, 26], if Vi, § 4, @ = 0, and w has poles a;’s, we may
move the integration contour and get:

w(p) = Z Res dSg.0(p)wla) (4.18)

This identity was the main ingredient in solving loop equations for the 1-matrix model
in [16].

5 Solution of the loop equation

In this section we solve the loop equation to all orders in the topological T2 /N? expansion.
We first need a technical lemma which consists in proving that the solution is unique,
and then we use this uniqueness to try a guess similar to that introduced in [9] which makes
the loop equations easier to solve.
We find the one point resolvent and the k point resolvent for the first matrix of the
chain, and in fact we find that they coincide with the correlators defined in [19] for the

spectral curve EO),

5.1 Unicity of the solution

Equation (3.10) fixes the large N/T expansion of Wy(z1(p)).* Take equation (3.10) and
substitute the %22 expansion of Wa.i(x1,2)), Wo(z1), U(x1,29) and E(z1, ). Then to

4As we show later all the k-functions of the type

k—1
1o}
IV(h).,l T .z @) S Myy — | |
0;1k (z1(p),z1(q"") 1(p™)) ol OV, (z1(q®))

can be determined from the equation (3.10) exactly in the same way as in [9, 19]... .

) Wi (z1(p))

,13,



h
order L ~zr We obtain

(croms — Y (x >>U<h><x1,:c2>+W§h><x1>0<°><x1,x2>:

. o (5.1)
—E(h .%'1,.%'2 ZWéh ) U(m)(.%'l,.%'z) Wzﬁ 1)(1'1,1'2;1'1).

Suppose you know U (x1, ), Wéh/)(ml) and EM) (x1,125) for B/ < h. We prove that we
can find those three functions for A’ = h. Consider 1 = x1(q) and 22 = x2(p) (and so
Y (z1(q)) = c1222(q)) with p and ¢ living on the algebraic curve

cra(@a(p) — 22(q >>z7<h>< 1(@), 22(p)) + Wy (@1(0)) U (1 (q), 22(p)) =

= EM(x(q) Zwoh ™ (21(¢)) U™ (21(q), 22(p) ~ Wiy (21(a), 22(p); 21 ()

(5.2)

Begin with h = 0. Consider the solutions for the equations E(z1(q),z2(p)) = 0. For
every x1(q) there are Dy + 1 different solutions Y (x1(¢(")) (sitting at points that we call

q(o),q(l), . ,q(D2) on the curve, with the convention that q(o) = q). Then we can write
Do |
EO(z1(q), 22(p)) = KH <Cl,2x2(p) _ Y(xl(q(z))))
. (5.3)

. 5(0) (o x ,
00 o1 22(p) = o A2 ¢ [T (12220 = ¥ (a1 (a))

where the constant K is derived in the next section. Recall that z1(¢®) = 21(¢")) but in
general® Y (21 (q®)) # Y (x1(¢"9))) for i # j.
Consider now h > 0.

Write now the equation for an arbitrary h and take p — ¢° = ¢

Wé’”(m(q))z?@(xl( ), 22(q)) = B (21(q), 22(q))

. 5.4
- Zwoh ™ (21()) 0™ (21(q), 22(0) — WitV (@1(q), 22(a); 1)) o4

This equation shows (by recursion) that Wo(h)(acl(q)) is a meromorphic function on the
spectral curve, and because of our hypothesis, it has poles only at branch-points, and it
has vanishing A cycle integrals. Let us write Cauchy residue formula (4.17):

Wéh) (x1(q))dx1(q) = — Res dSy o(q) Wéh) (r1(q))dz1(q) (5.5)

7' —q

5The function Y (z1(¢)) is multi valued in the 21 plane. On the other side on the algebraic curve it is
not multi valued. The index ¢ indicates precisely different x1-sheets, and thus different values of Y (z1).

— 14 —



Using Riemann bilinear identity, and the fact that both dS and Wo(h)dx have vanishing A
cycle integrals, we can move the integration contour and get (4.18):

Wéh)( q))dz1(q Z Res dSy o( Wé )( 1(¢"))dx1(q) (5.6)

q —a

Now we replace Wo(h)(xl(q’)) in the r.h.s. with the loop equation 5.4, and using that
EM) (21, 25) is a polynomial and has no poles at finite 21, that U (z1(q), 22(¢)) vanishes
at most as a square root at the branch points and that dxi(p) vanishes linearly at the
branchpoints, we find:

Wi (@1(q))da (g ZRes W (@1 (¢'))dz1 (¢)dSy o(q) =

q—a

dxl dSq’,o(Q) = (h—m) T (m) , ,
_—Zqﬂa U(O 551 q) xg(q’))<ZWO (Cﬂl(q ))U (xl(q),x2(q ))

where everything on the r.h.s. is known from the recursion hypothesis, and thus determine
uniquely Wo(h) (x1(q)). A

Then, consider again equation (5.4) and find E®(z(q),22(q)) (equal to
EM (21(¢W), 29(q)) by the definition of ¢(®)

EM (21(q®), 2< >> = EM(21(q), 22(q)) = W (1) 0 (21(q), 22(q))

N R 5.8
- Z We'™™ (@1(¢)T™ (21(q), x2(g)) — Wg(ﬁ_l)(ﬂcl(Q)JCQ(Q);961((1)) o

and reconstruct £ (z1(q), z2(p)) using the Lagrange interpolation formula
EM (z1(g), 22(p) = Y Deile). 220 Mpulaae) = 2ae)) (5.9)

7 Hj;éi(352(qj) — 23(q™))

Finally equation (5.2) gives U™ (z1(q), z2(p)).

Therefore we have proved our recursion hypothesis to order h.

All this procedure allows us to solve recursively the master loop equation, thus indi-
cating that the solution is unique once E() (1, ) (or equivalently Y (z1(p)) and z1(p)) is
given. We could iterate this procedure indefinitely. We now show a much better way to
solve the master loop equation.

5.2 Solution of the equation
The solution being unique, we only have to find one solution. The equation

T2 . .
WW2;1($1,$2; x1)+(c10m0 — V(1) + Wo(21))U (21, 22) =

= — Wi (z1, 22) + (V] (21) — 01,2962)5'(361,362) = E(xy,29)

(5.10)

,15,



is indeed solved by the expressions

Do

E@mmmﬁv%wOIGMQ—WWMM+%H<E@%tEﬁ>>,

=0
o (5.11)

U(z1(p), w2) = —K” <H <0172902 — V{(z1(p)) + %tr (W)) >

i=1

and can be proved following [9]. The product runs over the Dy + 1 sheets of the algebraic
curve viewed from the x; variable point of view. The Oth sheet is by definition the sheet
in which the point p is sitting (that is, p = p{?)). The notation ” (---)” means that if we
expand the product in cumulants, the connected two point correlators must be replaced
by Wo(a1(p); 21(0)) = Wou (a1 (p): 21 () + G-

These expressions are not of practical immediate use, but if we expand them in powers
of x5 they reveal the equation that lead us to the explicit solution. All the information is
contained in the highest powers.

o (c1omg)?
do-eedy, (2) dz-dps (3) dg-dns (n) 5
<i> o (gd2+1> <_gd3+1> <_9dn+1 ) =K (5.12)
C1,2 C2.3 C3,4 Cn,n+1
L (01,2$2)D21
o] Bl )
1\&L1) —ag--- = 1x1 ~U\
gd2+1 N 1’1(})()) -M
c
Vi(z1) —ds---d, 12gd2 ZY (x1(p
d2+1 i=0
(5.13)
where we have defined as usual V{(z1) — Wo(xl(p(i))) = Y(xl(p(i)))
° (01,2962)D2_1:
(2) (2) (2)
c c
P($1) —d3---dys 1294, Vl/(xl) — (d3 cedys — 1) La 294, _“a 29d,—1 _
(2) 2 (2) (2)
9dy+1 9do+1 9d,
1L , T A
=53 (YO () + 1 Woa (e16). 1 6)
i#£]
(5.14)
where P(x1) = Poly, V{(x1)Wy(z1) was already defined in (2.14) and
= 1
Wo.i(z1(p), 71(q)) = Woa(z1(p), z1(q)) + (5.15)

(z1(p) — 21(q))*

refers to the substitution mentioned above for two point correlators.
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The equation (5.12) allows us to determine the constant K. The equation (5.13) allows us
to modify the last equation. When doing the T2 /N? expansion, equation (5.13) implies

Dy
S Wi @ (p?) =0 for h >0 (5.16)
=0

Apply W to equation (5.13) we find also

Do
T (o (D) g _ 1
;WOJ( 1(p"), z1(q)) = dn0 (z1(q) — z1(p))2 (5.17)

Using all these equations we find that equation (5.14) can be transformed into

Do

2
> [V @) + o o100 0| -
=0

(2) (2)
9dy+1 9dy+1

(5.18)

2 c1 29(2) i 1 229(2)
= (V{(m‘l)) —P(.%'l)—dg...dnﬁ(dg...dns—Q) ( =Jdy ) —2d3---dn§77d271

Expanding the equation in £ = % as in [9] we get for h > 1 the equation (with y(p) =

Y (21(p)))
Do ' '
23"y (MW (21 (p1)) =
=1

Do h—1 Do
=5 S W @)W @ 09+ Y W @1 (0D), 21 (pP)) + 2P (27)
=1 m=1 =1

(5.19)

The rest follows exactly the same lines as in [9]. We will however recall the main steps.

Let us define the following meromorphic differentials from the correlation functions

k k
L0 _ 21 (ps 9 Yy, .

and rewrite equation (5.19) as

23yt () das () =
=1
Do h—1 . Do . (521)
m i —m i -1 i i
=55 M) w T D) + 3wV (D, pD) + 2P (21 (p)) s (p)?
=1 m=1 =1

Define also the third kind differential dE, 5(¢) = dSp0(q) — dSp0(q), where p is the conju-

gated point of p. Finally apply the operator ) Res, ., %W‘m (where « are the
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branch points of the curve) to the equation (5.20). After some algebra we find

T Zzliei % (y(») e d:cl <Z o™ (P (B) + iV, p)) (5.22)

-y

which is the first of a tower of recursion relations. The rest can be obtained by applying
the loop insertion operator to this first one and reads

(k) Ep ﬁ(Q) (h—1), _
w , Res— w , P,
(5.23)
+ Z Z Wig P, {pJ})wk;-f—l ](pa {PK\J})>
m=0JCK
where {px} is a collective notation for k points on the curve, and K = {1,...,k} is the

set of indices. In the expression, J stands for a subset of j elements of K, K\J for the
complement of J in K and the sum over J and m counts all different subsets and genus,
except (J,m) = (0,0) and (J,m) = (K, h).

Therefore we have found that the meromorphic differentials w/,(C )(Ch, .., qr) satisfy
exactly the same recursion structure as those of [19], thus all manipulations done in [19]
and other references therein that depend only on this resursion structure need not be
repeated here and can be tak(er)l as a fact. For instance it was shown in [19] that the

9)

recursion for the Fj’s and W,""’s can be represented digrammaticaly, and so the same
happens here.

6 Moduli of the chain of matrices and topological expansion of the free
energy

In order to find the free energy it is important to understand which are the moduli of
the chain of matrices, and how they change when we change the curve (always within the
matrix chain moduli space).

6.1 Moduli of the chain of matrices

The chain of matrices is completely characterized by the potentials Vi(x),..., V,(x), the
interaction parameters ci,i+1,6 the temperature parameter 7', the eigenvalues and multi-
plicities of A and the filling fractions e;.

It is clear that we can express all these parameters in terms of the meromorphic
functions on the curve z1(p), ..., z,(p) as follows (with notations borrowed from [4, 5, 19]):

1 1 1
€ = — c1or2dr) = —— Ck k1 Tkr1dTE = —5— Chk+ 10k ATk 11
211 A, 211 A, 211 A;

too = T = Rescyozoday = Rescy py17p41dar = — Res ¢ pyp120pdag 4
o o o

5Note that Cn,nt+1 can be absorbed in a redefinition of A. We will see later how this appears in the
moduli variations.
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Li
t5. = —NT = —Rescynr17ndr,i1 = — Rescp pyr12pdrs g
1 AZ .
= Res i p+171dws = Res ¢ pwaday

(3 (3

7

g; =12 Res .%';j.%'gd.%'l
o
j>2: g§k> = ¢ k+1 Res x;jxkﬂdxk = cp—1,x Res x;jxk,ldxk Vi
(o] .
t, A = 15,8041 (A) = —Cnn1 Res 241 () (p)dn+1(p) (6.1)

7

Something deserves attention here: note that g§k> can be expressed in s+ 1 different ways

by changing which pole \; or oo we consider. As we will see later, in order to stay within the
matrix chain moduli space, any variation of the curve around one of these points should
bring associated other variations around the other points so that the new g’s can still
be obtained from any of them. Also note that we have not specified how to obtain ¢; ;1.
They appear in the other equations as to indicate that they are free to choose. Indeed these
parameters can always be absorbed into the other parameters of the model (as the equations
above indicate). It can also be viewed as a rescaling of the meromorphic functions z;(p).

Now, we study how the spectral curve changes when we change these parameters (or
vice versa).

Let us define the variations €2 of the curve by their effect on the differential
c1,2x2(p)dz(p). Variations of functions or forms, are defined with respect to some fixed
variable. There is a Poisson-like structure (thermodynamic identity) indicating how to
relate variations with respect to different fixed parameters. The meromorphic form §2 is

defined as:

dq (c1,222(p)dz1(P)),, ) = dalcr222(p)), dz1(p) = da(z1(p))l, c1,2dz2(p) = —Q(p) (6.2)

In general we want €2 to be written in the form

Q(p) = - B(p,q)A(q) (6.3)

where 0f) is a path which does not intersect circles around branch points.

6.2 Variation of filling fractions

For variations of the filling fractions we choose

Q(p) = ~2imdus(p) = = § B0 (6.4)
J
so that 02 = B; and A(q) = —1. From (6.1) we have
Sae =051, data=0, dagi™ =0, daX;=0 (6.5)

so that indeed, 0_girdu; = a%j. Using Theorem 5.1 in [19] we can write

0 h h
3—6jw;§)(p1,---,pk)=—yi w](ng)l(pla"'apkaQ) (6.6)

J

,19,



6.3 Variation of the temperatures

Similarly we define for o, =T and t5,

a/
Qp) = —dSa = / B(p,q), ie. 6Q=[a,d],A=1 (6.7)
(6%
where a, o/ € {oo, 5\1, e ,5\5}. This variation produces the following modifications of pa-
rameters
e =0, 59155 = 5a,ﬁ — 50[/75 , 5ng(-m) =0, 0N =0 (6.8)
which can be written as d_qg , = % — 8?/ . This makes sense since ) t, = 0. Again
Theorem 5.1 in [19] enables us to write
o _ 9N\, m “
<6—ta - %> wy (P1s -5 P) = /a w1 (P1y- - Pk, Q) (6.9)

6.4 Variation of the potentials

Observe that if we don’t consider variations in ¢; ;41 we have

0172(5.%'2.611'1 — 51‘1.d1‘2) 25.%'2.(‘/2”(1'2)611'2 — 0273d$3)
— ((6‘/5)(562)d$2 + ‘/2”($2)(5$2.dx2 — 6273(5I3.d$2)

= — (5V2,)($2).d$2 + 02,3(5x3.dx2 — 5x2.dx3)
(6.10)

= — (6V) (). dzy — - - — (8V))(wn).day,

+ cnont1(02n41.day, — 02y .dap 1)

In particular, if the \; are kept fixed, the last term éx,11.dx,, — 02, .dx,41 has no pole at 5\2

Variations of V3. If we vary only Vj, more precisely if we vary only g§1)

Q = ¢12(0x1.dey — dz9.dxy) has no pole at the Xi’s, and near oo, if we work at fixed 1,
we have ¢y 20y ~ 595»1) 24 0(561_2), and in addition, since we don’t vary the filling
fractions, we know that ¢ 4. € = 0. All these considerations imply that the variations of

Vi(z) are given by the same formulas as in [9]:

, we see that

1 .

Up) = —Bocj(p) = = Res B(p, q)w1(q) (6.11)
thus 6 is a small circle around co and A(q) = %ml(jq)j. With this variation it is easy to
check that

Soe =0, data=0, dag®) =0k165m, Odaki=0 (6.12)

and so we can say that 6_p_ ; = %, and from Theorem 5.1 in [19]:
: o

0 z1(a)l
Twlih) (p1,.--y0k) = Rogs 1;q) wlii)l(pl, ey Py Q) (6.13)

J

,20,



Variations of Va,...,V,. For the other potentials V; with 2 < k < n, if we vary gj(»k),
near oo, at fixed 1, we have dzo = c120(V{ (1) — T/x1 + O(x] %)) = O(2;?), therefore Q
has no pole at co. We have seen that the pole of Q at \; is given by 6(V}/)(xy)dzy, therefore

near \; we have Q) ~ —xi_ldxk. This implies that

Q(p) = — ZBM] Z Res B(p, q)zi.(q) (6.14)

A=
thus 89 is a contour which surrounds all \; (and no other poles), and A(q) = —%mkg.q)]
) _ _0 : .
Then, we can say that §_ s By ws = W, and from Theorem 5.1 in [19]:
Ol -k " ) (6.15)
8g(k) pla"'>pl 5 l+1 pb1,---5D1,94)- .
J

6.5 Variation of the \;’s

Similarly, we see that when we vary A;, €2 has no pole at oo, and near 5\1‘7 it behaves like
—dx,,. Therefore we have:

Qp) =T By () = Res Blp.a)aale) =Ty % (6.16)
Gl o) = T3 ResufD o) (o). (6.17)
6.6 Variation of the cj ;41
Again, allowing variations in ¢y 1 we find that Q behaves like x1,dxy4 1, therefore
OUp) = D By, pin = 2 Res B, (@i (9) (6.18)
oy 0rseem) = 3 Resulflon g @aeato). (619
6.7 Summary of moduli
Using Cauchy formula, we may write:
c1222(p)dx1(p) = —Res dSq0(p) c1,222(q)dz1(q) (6.20)

q—p

Then, we move the integration contour, and we take into account the boundary terms using

Riemann bilinear identity, we get:

c1222(p)dz1(p) = Res_ dSqo(p) c1222(q)dz1(q) + 2im Z e;du;(p) (6.21)

q—00,\;

The residues near the poles co and near the \; are computed by the local behaviors.
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e near oo, we have xo ~ V{ (1) — % +O0(z7?), ie.

Res dSq.0(p) c1,222(q)dx1(q) = Res dSy0(p) dVi(z1(q)) — T Res dSq.o(p )dml(q)

q—00 g—00 q—00 x1(q)
= - qlie; B(q,p) Vi(z1(q)) + T'dSe,0(p)

(1)
= Z 9 qfieoso B(q,p) (21(9)) + TdSw o(p)

)

_Zgj OOJ()+TdSOOO()
J

(6.22)
e near j\i, we have
01721'2611'1 = 0172(d(1‘11‘2) — xldl'g) = 0172d(1‘11‘2) — ‘/;(xg)dxg + 0273$3d.%'2
= d(c1 07122 — Va(22) + c2 3273 — V3(23) . ..
+ cn—l,nxn—lxn - Vn(xn) + Cn,n—l—lxnxn—f—l) - cn,n-{—lxndxn—l—l
~ d(cl,gmlxg — VQ(&UQ) + 2370273 — Vg(mg) o
l; dx
+ Cnfl,nxnflxn_Vn(xn)‘{'cn,nJrlxnanrl)_T_l L +0 (1)
N zpp1— N
(6.23)
Therefore we have:
Res dSgq,0(p) c1,272(q)dx1(q) =
q—Ai
L.
= —TNZ dSs, o(p) — Res dSqo(p)d(Va+ -+ + Vyy — c1021%2 — *+* = Cont1TnTnt1)
’ q—A;
L.
=-T= de\Z.,O(P) + Ref B(q,p) Va+ -+ Vi — 120122 — -+ — Cpni1ZnTng1)
q*)
L ~dS5 (b +Z Z ] Res B(g,p) (zx ch k1 Res B(g, p)ar(q)ari1(q)
k=2 j a—Ai k=1 g—Xi
(6.24)
All this can be summarized as:
. TI;
c1p@adry =2 ) | eidu; + Z N B, + 20 Bt Sy Z ok
’ g = (6.25)
n—1

+ Z Th —\iBj T Z Ch,k+1 ZBA“LHHI

Notice that ¢, 41 does not appear, in fact the term that would logically give the
associated contribution, it is better used to encode the variations of A;. It is clear that the
A; contain already the information of ¢, ;1.
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6.8 Topological expansion of the free energy

With all that information we are now ready to derive the free energy (9. The free energy
InZ=F= zg(N/T)Q*QQ}"(g), is determined by its derivatives:

1 ; oF
j dg),
The result that we wish to prove is that:
Flo) — FQ(E(O)) (6.27)

where Fj’s are the symplectic invariants of [19], for the spectral curve EO . In particular
for g > 2 we have:

~ 1
Fg(E(O)) =5_ % ZRO(?S wgg) ¢, d® = ciowadry (6.28)

«

The expressions of Fy and Fj are a little bit more difficult to write [31, 34], and we refer
the reader to [19]. Notice that when there is no external field, i.e. A = 0, F(©) was already
computed in [15], and it coincides with Fjp.

The Fy’s of [19] have the property, that under any variation 2, we have:

7, = [ wl @A) (6.20)
o0
In particular with k£ = 1, it proves that
13 1 . (9)
0 (f) = - Res wgg) T = 8]:(1) (6.30)
8gj J o ng

Then, we prove it by recursion on the length of the chain n.

The n =1 case was done in [19]. Now, assume that it is true for n — 1.

We have just seen that F9) — F, is independent of V7, therefore we may compute
it for the case where Vj is quadratic. When Vj is quadratic, the integral over the first
matrix of the chain, M, is a gaussian integral, and M; can be integrated out, so that
when V] is quadratic we are left with a chain of n — 1 matrices, and we get .7-}(Lg ) = ]:7(19_) 1-
From the recursion hypothesis, we have .7_-1351) 1= FQ(E’(O) (z2,x3)), and one should notice
that the Fy’s of [19] have the symplectic invariance property, i.e. they are unchanged if
we make a symplectic transformation of the spectral curve, or in other words, if we add

an exact differential to ¢y 2xodxi. In particular we may work with cp3x3dxe, and thus
FQ(E(O) (x1,29)) = FQ(E(O) (z2,23)). This proves the result.

7 Other considerations

In the previous two sections, we have solved the loop equations to all orders, and we have
found that the solution is given by the symplectic invariants introduced in [19], for the
spectral curve E(©) (z1,x2). As a consequence, all the properties studied in [19] apply.
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7.1 Symplectic transformations

Remember that the spectral curve E (x1,22) = 0 is equivalently given by the data of two
meromorphic functions z1(p),z2(p) on L. Indeed, given two meromorphic functions, it
is always possible to find a polynomial relationship between them. We shall write the
spectral curve:

Eyp = {(z1(p), x2(p)) / p € L} = (x1,72) (7.1)

Since any z; is a meromorphic function, we can also define the following algebraic spectral
curves:

Eij = {(zi(p),x;(p)) / p € £} = (21,2;) (7.2)

It was found in [19, 20], that the F,’s are unchanged under symplectic transformations
of the spectral curve, for instance if we add to z1 any rational function of zo, or if we

exchange x1 < w9, or if we change z1 — —x1.

For instance we could change ¢i 271 — ¢1271 — Vy(xe) = —c9373, and then x3 — —x3,
and then recursively ¢; ;117; — ¢ 417 — VZ'H(QUZ) = —Cjt1,i+2Ti+2. This shows that:
Fg = Fg(Ei,iJrl) == Fg(EiJrl,i) V1 S ) S n (73)

However, one should keep in mind that the correlation functions are not conserved

under symplectic transformations, only the Fy’s are.

7.2 Double scaling limits

We have seen that as long as the spectral curve is regular (all branch-points are simple),
the F;’s and all correlation functions can be computed, and it was found in [19] that they
diverge when the curve becomes singular. This type singularities were already found in the
one and two matrix model, and in [19] for generic spectral curves, but it is still important
to show that it appears in this context too.

It was found in [19], that if the spectral curve depends on some coupling constant (7°
for instance), if the spectral curve develops a cusp singularity at say 7' = T, of the form

y ~ xP/4 (7.4)
then the Fy’s diverge as
T (2_29) p:ij;zl .
(&

where Fg = Fg(E) are the symplectic invariants of another spectral curve E which is the
blow up of the vicinity of the singularity, and which is the spectral curve of the (p,q)
minimal model [11, 29]. All this is detailed in [19] and we refer the reader to that article
for more details.

As usual, singularities of formal series are related to the large order asymptotic expan-
sion of the general term of the series [13], and the double scaling limit is thus related to the
asymptotic enumeration of large discrete surfaces, and in some sense to their continuous
limit, i.e. Riemann surfaces. A (p,¢) minimal model may occur as soon as two of the V;’s
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have degree larger than p and q [11]. Here, we see that the double scaling of the chain
of matrices describes a (p,q) minimal model on a random lattice. This is related to the
Liouville conformal field theory coupled to minimal models (p,q). This phenomenon is
expected [11, 13, 30, 32] and is already known to be present in the one and two matrix
models and more generaly in [19].

7.3 Modular transformations and holomorphic anomaly equations

In order to compute the F,’s and the solution of loop equations, we have made a choice of
cycles A;, related to the choice of the minimum around which the formal matrix integral
is defined. However, it is interesting to see what happens if one makes a different choice of
cycles, i.e. if one makes a modular transformation. This was studied in [19] and [22].

A modular transformation changes the Bergman kernel B(p, q) with a constant sym-
metric matrix s:

B(p,q) — B(p,q) +2im > _ i j du;(p)du;(q) (7.6)
0.

where du; are the holomorphic forms on £ such that f A du; = 0; ;.

In particular, if

p=L(@n (7.7)

(where 7, ; = fBj du; is the Riemann matrix of periods of £) then the Bergman kernel is
called Schiffer kernel and is modular invariant.

More generally, the modular transformations were computed in [19], and they sat-
isfy the so-called holomorphic anomaly equations, and that gives a strong support to the
Dijkgraaf-Vafa conjecture that matrix models are topological type B string theory partition
functions [3, 22].

7.4 Convergent matrix integrals and filling fractions

So far, we have considered formal matrix integrals, defined by expanding the integrand in
the matrix integral, near a given extrema specified by a set of filling fractions. We worked
at fixed filling fractions.

On the other hand, convergent matrix integrals should correspond to integrals over
(Hn)™. The integration path can always be written as a linear combination of steepest
descent paths (those used for formal integrals), and the full convergent matrix integral is
obtained as a linear combination of formal matrix integrals. More precisely, the convergent
matrix integral should be a sum over filling fractions of the formal ones.

The summation over filling fractions was computed in [21], and just amounts to multi-
plication of the formal matrix integrals by a theta function. We refer the reader to [6, 21]
for more details.

8 Limit of a continuous chain of matrices

In this section, we briefly explore some consequences of our method for the continuous
chain of matrices.
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The “matrix-model quantum mechanics”, is obtained [14] as the limit n — oo, and
with the choice: ¢; ;11 = %, and:

1 3 L
Ciitl == Vi(z) = eV(x,€) + 5 Vi(z) = eV(z, €i) + ?Z (8.1)

The index 7 is rescaled as a continuous time ¢t = ei:
t=e 0<t<ty=en (8.2)

The matrix integral thus becomes:
7 — /D[M(t)] e—% fgf dt Tr[V(M(t),t)-i—%M(t)Q] (8.3)

The spectral curve is determined by the equations V/(z;) = ¢; i+12i41 + ¢ii—12i—1 which
become Newton’s equation of motion [14] to leading order in e:

V'(x,t) = i(t) (8.4)
and the resolvent of the first matrix is:
W (2,0) = V{(21) — 1,222 ~ —i(0) (8.5)
The topological expansion is thus:
7 — o2g(N/T)*729F, (8.6)
Fg=Fy(&() , &) = (2(t), (1)) (8.7)

The spectral curve E(t) = (z(t), —&(t)) is thus the dispersion relation, i.e. the relationship
between velocity and position, it may depend on the time ¢, but from symplectic invariance,
we see that F;(£(t)) is a conserved quantity, independent of the time ¢.

For example, if the potential V(x,t) = V(x) is independent of ¢, the kinetic energy K
is conserved and the dispersion relation is:

“i? — V(b)) = K (8.8)

and the spectral curve is:

E(t) = (x(t), V2V (2(1)) + K)) (8.9)
Consequences of those relations need to be further explored, and we leave the contin-
uous chain of matrices for another work.

9 Conclusion

We have computed explicitly the topological expansion of the chain of matrices with an
external field, and we have found that the Fy;’s are precisely the symplectic invariants of [19].
We have also computed some of the correlation functions, but not all of them, in par-
ticular we have not computed mixed traces (which count discrete surfaces with non-trivial
boundary conditions). Mixed traces were computed in the 2-matrix model case in [17, 20],
and it would be interesting to see how that could be extended to the chain of matrices.
We have also briefly started to explore the limit of matrix quantum mechanics, i.e. the
limit of an infinite chain of matrices, but this topic needs to be studied in deeper details.
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